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We study some physical consequences of the introduction of a Lorentz-violating modifica-
tion term in the linearized gravity, which leads to modified dispersion relations for gravita-
tional waves in the vacuum. We discuss two possible mechanisms for the induction of such
a term in the Lagrangian. First, it is generated at the quantum level by a Lorentz-breaking
coupling of the gravity field to a spinor field. Second, it appears as consequence of a par-
ticular modification of the Poisson algebra of the canonical variables, in the spirit of the
so-called “noncommutative fields approach”.
The idea that the quantization of gravity must somehow imply in the noncommutativity of
spacetime at the Planck scale has a long history [1, 2], and one of the most discussed issues
concerns the fate of Lorentz symmetry in such a scenario. The first proposals for noncommutative
spacetimes were carefully built to be compatible with Lorentz invariance [2, 3], an attitude still
coherent with the very stringent bounds on Lorentz violation derived from the experiments [4].
Even so, a great amount of work have been done exploring the possibility of very small departures
of Lorentz invariance as a source of observable signals of new physics. One of the most interesting
possibilities is the modification of the dispersion relations governing the propagation of particles
in the vacuum, which could generate outstanding effects in the spectrum of high energy cosmic
rays [5], among other consequences [6].
The Lorentz violating standard model studied in [7] lists all types of interaction that, despite
breaking the invariance of the theory under (particle) boosts/rotations, still preserve the gauge
symmetry and the renormalizability of the standard model, thus furnishing a general background
for the investigations about Lorentz violation. As for gravity theories, the incorporation of Lorentz
violation is more delicate, specially when the violation is not spontaneous [8, 9]. It is interesting
to look for alternative ways to introduce Lorentz violation in gravity, in such a way that simple
physical effects can be drawn and discussed. This is the main objective of the present work. For
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2the sake of simplicity, we consider the linearized gravity theory modified by one Lorentz violating
term in the Lagrangian and consider the consequences of this modification. After that, we will
discuss two distinct mechanisms for the generation of such a deformation, first as a quantum effect
due to the coupling of gravity with a fermion in a Lorentz violating way, in the spirit of [10], second
as a consequence of a deformation of the canonical algebra [11], in the so-called “noncommutative
fields approach”. We will discuss the interesting features and the open issues in each mechanism.
The starting point of our study is the Einstein-Hilbert action in the weak field approximation,
also known as the Fierz-Pauli action (see f.e. [12, 13, 14]),
SFP =
∫
d4x
(1
2
[∂λhµν∂
µhλν − ∂λh∂µh
µλ] +
1
4
[∂µh∂
µh− ∂λhµν∂
λhµν ]
)
. (1)
Here the hµν is a second rank symmetric tensor characterizing (weak) metric fluctuations (hµν =
gµν − ηµν , where gµν is the metric tensor of the curved space, ηµν = diag(− + ++) is the metric
tensor of the flat space and h = ηµνhµν is the trace of hµν). This theory is invariant under the
gauge transformations
δhµν =
1
2
(∂µξν + ∂νξµ) , (2)
which are the linearized form of the diffeomorphism transformations, ξµ being the infinitesimal
changes of the coordinates. The equations of motion look like
−
1
2
(∂λ∂µhλν + ∂
λ∂νhλµ) +
1
2
ηµν∂λ∂ρh
λρ +
1
2
∂µ∂νh+
1
2
hµν − ηµν
1
2
h = 0 . (3)
The vanishing of the divergence of the left-hand-side of this equation is the linearized Bianchi
identity.
We propose to modify Eq (1) by introducing an additional term ∆L in the Lagrangian,
S˜mod = SFP +
∫
d4x∆L , (4)
where
∆L = −2ǫλµνρθρhνσ∂λh
σ
µ . (5)
Here, θρ = (0, θi), i = 1, 2, 3, is a parameter for the Lorentz violation introduced in the theory,
whose origin will depend on the mechanism inducing such a term in the action, as we will discuss
later. For now, we have just to keep in mind that, despite written in a formally covariant way, ∆L
is not a scalar, since θρ is not a vector, but only a way to label a collection of three deformation
parameters θi. Also, the numerical coefficient in front of ∆L has been chosen for convenience. This
3particular form assumed by ∆L reproduces one of Lorentz-violating terms presented in [8], and the
main motivations for its introduction are the physical consequences that will be drawn from it.
The gauge transformations in Eq. (2) imply in the following variation of ∆L,
δ∆L = 2ǫλµνρθρξν∂λ∂σh
σ
µ , (6)
which does not vanish in general, so that the action S˜mod is not gauge invariant. One possibility
to remedy this problem is to implement a kind of Stueckelberg procedure (see [15] for a review,
or [16] for an application of this idea to the linearized massive gravity). We substitute hµν →
hµν + ∂µAν + ∂νAµ in the gauge non-invariant term ∆L, thus obtaining,
Smod = SFP +
∫
d4x (∆L + ∆LA) , (7)
where
∆LA ≡ 2ǫ
µνλρ θµ (∂λAνAρ + 2hνσ∂λ∂
σAρ) . (8)
Then, one can check that the action Smod is invariant under the gauge transformations Eq. (2)
together with
δAµ = −ξµ . (9)
The most interesting aspect of the addition of the modification term in Eq. (5) is its consequences
for the propagation of gravitational waves. To investigate this matter, we follow [17] and split the
components of the metric fluctuation as follows,
h00 = n, h0i = n˜i + ∂inL,
hij =
(
δij −
∂i∂j
∇2
)
φ+
∂i∂j
∇2
χ+ (∂iλ˜j + ∂jλ˜i) + h˜ij , (10)
where the tilde denotes transversality, that is, ∂in˜
i = ∂iλ˜
i = ∂ih˜
ij = 0. Besides that, the h˜ij is also
traceless. Under a gauge transformation (2), these components transform as
δn = ξ˙0 ; δnL =
1
2
(
ξ0 +
1
∇2
∂iξ˙i
)
; δn˜i =
1
2
(
δij −
1
∇2
∂i∂j
)
ξ˙j
δχ = ∂iξi ; δφ = 0 ; δλ˜i =
1
2
(
δij −
1
∇2
∂i∂j
)
ξj ; δh˜ij = 0 . (11)
Using the decomposition (10) in Eq. (7), we can derive the equations of motion for h˜ij,
1
2
h˜ij + 2
[
θik∂k
˙˜
λj + θik
˙˜
hkj − θik∂kn˜j + (i↔ j)
]
= 0 . (12)
4Here, we define an antisymmetric symbol θij by means of
θij = −ǫ0ijkθ
k . (13)
It is interesting to realize that ∆LA do not contribute to the equations of motion of the transversal
part of hµν . Even if ∆LA is essential to guarantee the gauge invariance of the total action, it follows
directly from Eq. (11) that Eq. (12) is gauge invariant, despite containing no contribution from the
A field. We can further simplify Eq. (12) by assuming a solution where h˜ij is the only non-vanishing
field. One has to check whether this ansatz is consistent with the equations of motion of λ˜ and n˜,
G
λ˜j
[n, n˜, nL, φ, χ, λ˜] + 4θik∂k
˙˜hij = 0 ,
Gn˜j [n, n˜, nL, φ, χ, λ˜]− 4θik∂kh˜ij = 0 , (14)
which also involve h˜ij. Here, G means some homogeneous function of all components of hµν except
h˜ij . We can safely set all other fields to zero if h˜ij satisfies
θik∂kh˜ij = 0 . (15)
We satisfy this condition by choosing θi = (0, 0, θ/4), such that the only nonvanishing θij are
θ12 = −θ21 = −θ/4, and considering a wave propagating in the x3 direction. In this case, Eq. (12)
can be solved by the ansatz h˜ij = Hije
iqµxµ , q = (E, ~p), and we end up with only two independent
equations,
Z + 2iθZ˙ = 0 ; Z¯ − 2iθ ˙¯Z = 0 , (16)
where Z = H11 − iH12, Z¯ = H11 + iH12. The corresponding dispersion relations are given respec-
tively by
E = −θ ±
√
p2 + θ2,
E = θ ±
√
p2 + θ2 , (17)
with p = |~p|. Thus we found that the dispersion relations are modified. One could say that
the propagation of gravitational waves in the deformed theory displays a kind of birefringence
phenomenon. For this configuration, there are two types of excitations with the velocities of
propagation different from each other and from the speed of light, similarly to the propagation
of electromagnetic waves in the noncommutative space [18]. It must be stressed that these two
different polarizations (and velocities) correspond to two “circular” polarizations with respect to
θi. The group velocity c˜ = dE/dp = p/
√
p2 + θ2 is always less than the speed of light. On the
5other hand, the phase velocity cˆ = E/p can be superluminal for one of the polarizations. Some
consequences of this modified dispersion relation for cosmology have been studied in [19].
At this point, we comment on some general properties of the deformed gravity theory (7).
First of all, we note that the symmetry of positive- and negative-energy solutions in Eq. (17)
indicates that C-symmetry is preserved. The whole action can be checked to be CPT invariant [8,
20]. Concerning conservation laws, since there exists a preferable direction in the space-time, the
angular momentum is no longer conserved. However, the energy-momentum tensor in the weak
field approximation is still conserved since the background (Minkowsky) space-time is homogeneous
(note that when the metric fluctuations are not small, the energy-momentum tensor is in general
not conserved [8]). Following the Noether theorem, we can write the energy-momentum tensor as
T ba = −δ
b
a
[1
2
(∂λhµν∂
µhλν − ∂λh∂µh
µλ) +
1
4
(∂µh∂
µh− ∂λhµν∂
λhµν)
]
+
+ ∂νh
νλ∂ah
b
λ − ∂ah∂νh
νb −
− 2δbaǫµνλρθ
νhρσ∂λhµσ + 2ǫ
bµρνθµ∂ahνλh
λ
ρ , (18)
where a, b are indices in the local Lorentz frame. From Eq. (18) follows that ∂bT
b
a = 0, that
is, the energy-momentum tensor is modified by θ-dependent terms although it remains conserved.
Moreover, it is easy to check that T 0i 6= T i0, which is a natural consequence of the Lorentz breaking
in the theory [17]. As for the Bianchi identities, they are not satisfied in general, and this problem
can be traced back to the general incompatibility between explicit Lorentz violation and Riemann-
Cartan geometry, as discussed in [8]. In this sense, a model with explicit Lorentz violation in
gravity should be understood as a test model, where one can search for interesting phenomena
arising in a simpler setting, while models with spontaneous breaking of the Lorentz symmetry will
lead to more complete theories [9].
Up to now, we have been discussing the consequences of the addition of the modification term
in the linearized gravity action (1); from now on, we start looking for mechanisms to generate this
term. The first idea is to couple the gravitational field to a fermion field by means of a Lorentz
violating interaction (which should be one of the possible interactions described in [7]). A similar
approach was used in [10] to generate a Chern-Simons term in the four dimensional linearized
gravity. In our case, we consider the linearized gravity coupled to a Dirac field as follows
S[h, ψ¯, ψ] =
∫
d4x
(
1
2
iψ¯Γµ
↔
∂ µ ψ + ψ¯hµνΓ
µνψ − ψ¯bµγ
µγ5ψ +mψ¯ψ
)
+ SFP , (19)
with Γµ = γµ − 12h
µνγν and Γ
µν = 12b
µγνγ5 −
i
16(∂ρhαβ)η
βνΓρµα. The bµ is a constant vector
responsible for the Lorentz violation.
6We first notice that the terms proportional to Γµν in Eq. (19) will not contribute to ∆L. The
two-point vertex function of the graviton field receives contributions from the graphs in Fig. 1 (we
use the Feynman rules that were explicitly indicated in [10]). The sum of these contributions,
expanded up to the leading order in derivatives of the metric fluctuations, generates the following
one-loop correction to the two-point vertex function of hµν ,
∆Γ(2) = −iǫλνρσ
∫
d4k
(2π)4
kµkα
(k2 −m2)3
[
bρ(k
2 + 3m2)− 4kρ(b · k)
]
hµν∂σhαλ . (20)
After the integration has been carried out with the use of the dimensional regularization, with
ε = 4− d, we obtain
∆Γ(2) =
m2
128π2
(
1 +
1
ε
)
ǫλνσρbρhµν∂σh
µ
λ . (21)
Although ∆Γ(2) correctly reproduces the structure of Eq. (5), its divergence forces us to include this
term in the tree approximation with a coefficient adjusted to eliminate this divergence. From this
viewpoint, this mechanism is not completely satisfactory to generate the ∆L term. In conclusion,
the modification term can be generated in the gravity action by means of a Lorentz violating
coupling with a fermion, but one has to deal with ultraviolet divergences.
There is another possibility for the generation of a modified gravity theory similar to Eq. (4),
based on the deformation of the Poisson algebra of the canonical variables of the theory, with a con-
sequent appearance of new terms in the classical action. The deformation used by us is inspired in
the one presented in [11], where such a procedure was developed in the context of noncommutative
fields theories [21] and later on was applied to electrodynamics and Yang-Mills theories [27, 28]. As
a result of the application of the noncommutative fields approach, the Hamiltonian of the theory
and, as a consequence, the Lagrangian, is modified by new Lorentz-breaking terms. We will show
that a term like the one in Eq. (5) will be produced in the (linearized) Einstein gravity as a conse-
quence of the deformation of the canonical algebra. We remark that the possibility of generation of
Lorentz-breaking terms for the gravity by perturbative corrections was shown in [17] (see also [10]).
We start by reviewing the canonical quantization of the undeformed linearized gravity (1) (the
non-linearized case was studied in [29] (see also [30]); here we follow [14] for the linearized case.).
The first step is to construct the classical Hamiltonian. First, the indices of the Lagrangian are split
into time and space ones. After some rearrangements, the Lagrangian corresponding to Eq. (1)
7takes the form
LFP = −
1
4
h˙iih˙jj −
1
2
∂khii∂kh00 +
1
4
∂ihjj∂ihkk +
+
1
4
h˙ij h˙ij +
1
2
∂ih0j∂ih0j −
1
4
∂ihjk∂ihjk +
+ h˙ii∂jh0j −
1
2
∂ihkk∂jhij +
1
2
∂ih00∂jhij −
− h˙ik∂ih0k −
1
2
∂ih0i∂jh0j +
1
2
∂ihjk∂jhik . (22)
Here the Latin indices stand for the pure space coordinates and f˙ ≡ ∂0f . We see that the
Lagrangian does not depend on the velocities h˙00 and h˙0i, so that p
0µ = ∂L
∂h˙0µ
= 0. These are
the primary constraints,
Φ(1)µ = p0µ ≃ 0 , (23)
which evidently commute with each other. The other momenta are given by
pij =
∂L
∂h˙ij
= −
1
2
h˙kkδij +
1
2
h˙ij + ∂kh0kδij −
1
2
(∂ih0j + ∂jh0i) . (24)
Under the gauge transformations (2), they are transformed as
δpij =
1
2
(δij∂k∂k − ∂i∂j)ξ0 . (25)
The velocities are expressed from Eq. (24) as
h˙ij = 2pij − pkkδij + (∂ih0j + ∂jh0i) , (26)
and the canonical Hamiltonian density is given by
H = pµν h˙µν(p)− L
= pijpij −
1
2
pkkpll +
1
2
(∂ihkk∂jhij − ∂ihjk∂jhik) +
1
4
(∂ihjk∂ihjk − ∂ihjj∂ihkk)−
−
1
2
h00
(
∂i∂ihkk − ∂i∂jhij
)
− 2h0j∂ipij . (27)
Conservation of the primary constraints in Eq. (23) requires {Φ
(1)
µ ,H} ≃ 0, where {·, ·} are the
Poisson brackets, thus leading to the secondary constraints
Rj ≡ Φ
(2)
j = ∂ipij ≃ 0; R0 ≡ Φ
(2)
0 = ∂l∂lhkk − ∂i∂jhij ≃ 0. (28)
The h00, h0i are the Lagrange multipliers fields associated to these constraints. We note that the
condition of conservation of the secondary constraints imply in only one new, tertiary constraint,
Φ(3) = {Φ
(2)
0 ,H} = ∂i∂jpij ≃ 0 , (29)
8whereas {Φ
(2)
i ,H} ≡ 0. The constraint Φ
(3) closes the Dirac algorithm since its Poisson bracket
with the Hamiltonian is equal to zero (note that all the constraints in the theory are of first class).
We note, however, that this constraint is really a spacial derivative of the Φ
(2)
j , so its adding to the
Hamiltonian with an arbitrary scalar multiplier λ implies only in the replacement h0j → h0j + ∂jλ
in Eq. (27). In fact, only the Lagrange multipliers associated to Φ
(2)
j are modified under such
a replacement but not the constraints themselves. Therefore we will not consider the tertiary
constraint henceforth (see [31]).
The constraints Φ
(2)
0 ≡ R0 and Φ
(2)
i ≡ Ri generate the gauge symmetry. For the quantization
we must convert the metric hij and momenta pij into operators whose commutation relations will
be obtained from the classical Poisson brackets algebra,
{pij(~x), pkl(~y)} = 0,
{hij(~x), hkl(~y)} = 0,
{hij(~x), pkl(~y)} =
1
2
(δikδjl + δjkδil) δ(~x− ~y) . (30)
In this case the constraints Rk, R0 generate, in the purely spacial sector (which is the physical
sector), the gauge transformations,
δhij = {hij ,∆ξ} =
1
2
(∂iξj + ∂jξi) ,
δpij = {pij,∆ξ} =
1
2
(δij∂k∂k − ∂i∂j)ξ0 , (31)
where
∆ξ = −
∫
d3xRk(x)ξk(x) +
1
2
∫
d3xR0ξ0(x) (32)
is the generator of gauge transformations.
Now, we follow the method described in [27, 28], and consider the simplest deformation of the
classical Poisson bracket algebra as follows,
{pij(~x), pkl(~y)} = θijklδ(~x− ~y),
{hij(~x), hkl(~y)} = 0,
{hij(~x), pkl(~y)} =
1
2
(δikδjl + δjkδil) δ(~x − ~y), (33)
where θijkl is a c-number symbol possessing the following symmetry: θ1234 = θ2134 = θ1243 =
−θ3412.
9For compatibility with the algebra in Eq. (33), we modify the generators of the gauge transfor-
mations; instead of Φ
(2)
k = ∂ipik, we choose
Rk = ∂ipik − θklnm∂lhnm . (34)
The modified operator ∆ξ implementing the gauge transformations in Eq. (31) takes the form
∆ξ =
1
2
∫
d3x
{
(∂iξk(x) + ∂kξi(x))
[
pik(x) + θrsikhrs(x)
]
− ξ0(x)(δrs∂l∂l − ∂r∂s)hrs(x)
}
. (35)
The modification of ∆ξ (or, equivalently, of Rk) by an additive term proportional to θrsik implies
in the modification of the Hamiltonian density:
Hnew = pijpij −
1
2
pkkpll +
1
2
(∂ihkk∂jhij − ∂ihjk∂jhik) +
1
4
(∂ihjk∂ihjk − ∂ihjj∂ihkk)−
−
1
2
h00
(
∂i∂ihkk − ∂i∂jhij
)
− 2h0j(∂ipij − θjlnm∂lhnm) , (36)
which has been augmented by the term
∆H = 2h0jθjlnm∂lhnm. (37)
The velocities can be easily written as
h˙ij = {hij ,Hnew} = 2pij − pllδij + (∂ih0j + ∂jh0i) , (38)
reproducing Eq. (26), from which the pij are expressed in terms of velocities just like in Eq. (24).
The canonical conjugate momentum of hij (which should satisfy the commutation relation
{πˆij , πˆkl} = 0) is πˆij = pij +
1
2θklijhkl = pij.
The modified Lagrangian,
Lnew = πˆij h˙ij −Hnew , (39)
turns out to be
Lnew =
1
2
(∂λhµν∂
µhλν − ∂λh∂µh
µλ) +
1
4
(∂µh∂
µh− ∂λhµν∂
λhµν)−
− 2θjlnm∂lhnm +
1
2
h˙ijθklijhkl, (40)
differing from the initial Lagrangian by terms linear in θ.
One can study now particular cases of the general deformation (33). The simplest case corre-
sponds to
θijkl = θikδjl + θilδjk + θjlδik + θjkδil , (41)
10
where θij is a constant antisymmetric matrix to be related with the θi parameters in Eq. (5). In
this case, the modified generators of gauge transformations take the form
Rk = ∂ipik − 2(θkn∂lhln + θln∂lhkn) , (42)
while the deformed Lagrangian turns out to be
Lnew =
1
2
(∂λhµν∂
µhλν − ∂λh∂µh
µλ) +
1
4
(∂µh∂
µh− ∂λhµν∂
λhµν)−
− 4h0k(θkm∂lhlm + θlm∂lhkm) + h˙ij(θkihkj + θkjhki) , (43)
We can rewrite θij in terms of three parameters θ
k by using Eq. (13), thus obtaining Lnew in the
following form,
Lnew =
1
2
(∂λhµν∂
µhλν − ∂λh∂µh
µλ) +
1
4
(∂µh∂
µh− ∂λhµν∂
λhµν) +
+ 2ǫµνλκθµhνσ∂λh
σ
κ + 2ǫijkθkh0i
(
2∂lhlj + 2∂jh00 − h˙0j
)
, (44)
where θµ = (0, θi). We notice the appearance of the term ∆L, introduced in Eq. (5), which now is
a consequence of a deformation of the canonical algebra of fields by a “noncommutativity” tensor
θij. One should keep in mind that the parameters θ
i are not components of a vector, since Eq. (13)
is not covariant.
Both ∆L and the last term in the action Eq. (44), proportional to h0i, are not gauge invariant.
Contrarily to what happens in a spin-one gauge theory [27, 28], the noncommutative fields approach
here conflicts with the gauge invariance. After the deformation of the algebra and the modification
in the form of the constraints that generate the gauge transformations, we find that the modified
constraints in Eq. (42) are not first class any longer.
One may wonder whether a more complicated deformation could improve matters here, and
indeed this is the case. Consider the Poisson bracket between the deformed constraints in Eq. (34),
{Rk(~x), Rk′(~y)} = {∂ipik(~x)− θklnm∂lhnm(~x), ∂i′pi′k′(~x)− θk′l′n′m′∂l′hn′m′(~y)}
= θiki′k′∂i∂i′δ(~x− ~y) . (45)
Notice that, in the spin-one models [27, 28, 32], the deformation parameter θ carries only two
indices and is antisymmetric, so that θik∂i∂kδ(~x − ~y) ≡ 0. In our case, the algebra (45) is again
first-class if
θijkl = θikδ˜jl + θilδ˜jk + θjlδ˜ik + θjkδ˜il, (46)
11
where
δ˜ij = δij −
∂i∂j
∇2
. (47)
Since δ˜ij∂j = 0, it follows that θiki′k′∂i∂i′δ(~x − ~y) = 0 and the deformation of the canonical
algebra yields a first-class system. The corresponding modification ∆L induced in the Fierz-Pauli
Lagrangian (1) takes the form
∆L = 2θkih˙ij
(
δlj −
∂l∂j
∇2
)
hkl − 4h0jθln
(
δjm −
∂j∂m
∇2
)
∂lhnm. (48)
The appearance of the transversal projector in ∆L is reminiscent of the work [33]. It is clear that
this ∆L possesses restricted gauge invariance under the transformations (2) with ξi longitudinal,
that is, those gauge parameters satisfying (δjm −
∂j∂m
∇2
)ξm = 0. From Eqs. (11), we obtain the
restricted gauge transformation for the components of hµν as,
δn = ξ˙0 ; δnL =
1
2
(
ξ0 +
1
∇2
∂iξ˙i
)
; δn˜i = 0
δχ = ∂iξi ; δφ = 0 ; δλ˜i = 0 ; δh˜ij = 0 . (49)
The price is that the modified Lagrangian now contains non-local terms. However, it can be
checked that the gauge symmetry (49) allows us to go to the gauge ∂mhmn = 0, where this non-local
terms vanish, and ∆L reduces to
∆L = 2θkih˙ijhkj − 4h0mθln∂lhnm. (50)
One still has the freedom to set h0m = 0 by using the remaining gauge symmetry. This modification,
yet not exactly equal to the one in Eq. (7), clearly leads to the same dispersion relations we studied
before for the transversal-traceless part of hµν . This is an example of a more subtle application of
the noncommutative fields approach that solves, at least partially, the incompatibility with gauge
symmetry for spin-two gauge theories we pointed out earlier.
In this paper, we studied the introduction of a Lorentz violating term ∆L in the linearized
gravity. Gauge symmetry is violated by such a term, but it can be restored using a Stueckelberg
procedure, with the addition of a vector field A to the modified Fierz-Pauli action. As an interesting
physical consequence of such a deformation, we studied the propagation of gravitational waves, and
found a kind of “birefringence” phenomenon in the vacuum. Next, we looked for mechanisms that
could generate such a term in the linearized gravity action. First, the Lorentz violating coupling
with a Dirac fermion does generate a ∆L term in the quantum effective action, but one has to face
ultraviolet divergences. We have also shown that a deformation of the canonical algebra of fields, in
12
the spirit of the “noncommutative fields approach” of [11] does lead to the proposed term, together
with additional terms in the action. Differently to the case of spin-one gauge theories [27, 28],
here the deformation do not preserve the gauge invariance. This problem was at least partially
solved by a more complicated deformation leading to a theory with a restricted gauge symmetry.
The dispersion relations obtained from such a deformation are the same as the one induced by the
addition of ∆L to the original Lagrangian.
As a final remark, we note that in the three-dimensional Einstein gravity, a term structurally
similar to ∆L would not violate Lorentz symmetry, since instead of ǫλµνρθρ, the factor ǫ
λµνθ would
arise, with θ a scalar noncommutativity parameter. In three dimensions, ∆L is structurally similar
to the usual Chern-Simons term [13] (which has arisen using the noncommutative fields approach
in [32]).
Acknowledgements. A. Yu. P. is grateful to R. Jackiw for useful discussions and to V. A.
Kostelecky for some criticism on the manuscript. This work was partially supported by Fundac¸a˜o de
Amparo a` Pesquisa do Estado de Sa˜o Paulo (FAPESP) and Conselho Nacional de Desenvolvimento
Cient´ıfico e Tecnolo´gico (CNPq). The work by A. F. F. has been supported by FAPESP, project
04/13314-4. The work by A. Yu. P. has been supported by CNPq-FAPESQ DCR program, CNPq
project No. 350400/2005-9.
[1] C. A. Mead, Phys. Rev. 135, B849 (1964).
[2] S. Doplicher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172, 187 (1995).
[3] H. Snyder, Phys. Rev. 71, 38 (1947).
[4] D. Mattingly, Living Rev. Rel. 8, 5 (2005).
[5] S. R. Coleman and S. L. Glashow, Phys. Rev. D 59, 116008 (1999).
[6] S. Alexander, J. Magueijo, “Noncommutative geometry as a realization of varying speed of light cos-
mology”, hep-th/0104093; J. Magueijo, L. Smolin, Class. Quant. Grav. 21, 1725 (2004), gr-qc/0305055.
[7] D. Colladay and V. A. Kostelecky, Phys. Rev. D 58, 116002 (1998).
[8] V. A. Kostelecky, Phys. Rev. D 69, 105009 (2004); “Lorentz Violation and Gravity”, hep-ph/0412406.
[9] R. Bluhm and V. A. Kostelecky, Phys. Rev. D 71, 065008 (2005); V. A. Kostelecky, R. Potting, Gen.
Rel. Grav. 37, 1675 (2005); Int. J. Mod. Phys. D14, 2341 (2005); Q. G. Bailey, V. A. Kostelecky, Phys.
Rev. D 74, 045001, 2006, gr-qc/0603030.
[10] T. Mariz, J. R. Nascimento, E. Passos, R. F. Ribeiro, Phys. Rev. D 70, 024014 (2004), hep-th/0403205.
[11] J. M. Carmona, J. L. Cortes, J. Gamboa, F. Mendez, Phys. Lett. B 565, 222 (2002), hep-th/0207158;
13
T. Mariz, J. R. Nascimento, V. O. Rivelles, Phys. Rev. D 75, 025020 (2007), hep-th/0609132.
[12] G. ’t Hooft, M. Veltman, Ann. Inst. Henri Poincare, vol. XX, No. 1, 69 (1974); M. Veltman, “Quantum
theory of gravitation”, Les Houches, Session XXVIII, 1975 – Methods in field theory, North-Holland,
1976, p. 265-327.
[13] S. Deser, R. Jackiw, S. Templeton, Ann. Phys., 140, 372 (1982); Ann. Phys. 281, 409 (2000).
[14] D. M. Gitman, I. V. Tyutin. “Quantization of Fields with Constraints”, Springer-Verlag, Berlin, Hei-
delberg, 1990.
[15] H. Ruegg and M. Ruiz-Altaba, Int. J. Mod. Phys. A 19, 3265 (2004), hep-th/0304245.
[16] M. Porrati, Phys. Lett. B 534, 209 (2002), hep-th/0203014.
[17] R. Jackiw, S. Y. Pi, Phys. Rev. D 68, 104012 (2003), hep-th/0308071.
[18] Z. Guralnik, R. Jackiw, S. Y. Pi, A. P. Polychronakos, Phys. Lett. B 517, 450 (2001), hep-th/0106044;
R. Jackiw, Nucl. Phys. Proc. Suppl. 108, 30 (2002), hep-th/0110057.
[19] Y. f. Cai and Y. S. Piao, “Probing Noncommutativity with Inflationary Gravitational Waves”,
arXiv:gr-qc/0701114.
[20] M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84, 5265 (2000), hep-th/0001167.
[21] This proposal became known as the “noncommutative fields approach”, even if the space-time coordi-
nates continue to be commutative, unlike other popular approaches of noncommutative field theories,
such as the one based on the Moyal product [22], coherent states [23] and models with dynamical
noncommutativity parameter [24] (see also [25, 26]).
[22] N. Seiberg, E. Witten, JHEP 9909, 032 (1999), hep-th/9908142; T. Filk, Phys. Lett. B 376, 53 (1996).
[23] A. Smailagic, E. Spallucci, J. Phys. A 37, 1 (2004), hep-th/0406174; M. A. Anacleto, J. R. Nascimento,
A. Yu. Petrov, Phys. Lett. B 637, 344 (2006), hep-th/0512289; “The Effective Potential in the Non-
commutative Field Theories within the Coherent States Approach”, hep-th/0605262; B. Charneski, A.
F. Ferrari, M. Gomes, J. Phys. A 40, 3633 (2006).
[24] C. E. Carlson, C. D. Carone, N. Zobin, Phys. Rev. D 66, 075001 (2002), hep-th/0206035; K. Morita,
Progr. Theor. Phys. 108, 1099 (2003), hep-th/0209234.
[25] E. Harikumar, V. O. Rivelles, Class. Quant. Grav. 23, 7551 (2006), hep-th/0607115.
[26] F. T. Brandt, M. R. Elias-Filho, Phys. Rev. D 74, 067704 (2006), hep-th/0609106.
[27] J. Gamboa, J. Lopez-Sarrion, Phys. Rev. D 71, 067702 (2005), hep-th/0501034.
[28] H. Falomir, J. Gamboa, J. Lopez-Sarrion, F. Mendez, A. J. da Silva, Phys. Lett. B 632, 740 (2006),
hep-th/0504032; Phys. Rev. D 74, 047701 (2006), hep-th/0606251.
[29] R. Arnowitt, S. Deser, C. W. Misner, “The dynamics of general relativity” – “Gravitation: an intro-
duction to current research”, ed. L. Witten (Wilew, 1962), chapter 7, p. 227-265, gr-qc/0405109.
[30] N. Kiriushcheva, S. V. Kuzmin, D. G. C. McKeon, Mod. Phys. Lett. A20, 1961 (2005), hep-th/0503231.
[31] R. N. Ghalati, “Constraint analysis of linearized gravity and a generalization of the HTZ approach”,
hep-th/0703268.
[32] J. R. Nascimento, A. Yu. Petrov, R. F. Ribeiro, Europhys. Lett. 77, 51001 (2007), hep-th/0601077.
14
[33] G. Dvali, R. Jackiw and S. Y. Pi, Phys. Rev. Lett. 96, 081602 (2006), hep-th/0511175.
Figure 1: One-loop contributions to the graviton two-point function. The cross in the fermion lines denotes
a 6bγ5 insertion.
